We tackle the applications of the rational homotopy theory to E n -operads in this part. In a preliminary step, we explain general constructions on Lie algebras which we use in our definition of models for the rational homotopy of E n -operads in the category of Hopf cochain dg-cooperads.
∅ 1 → sSet Op op is weakly-equivalent to the classifying space of the chord diagram operad of §I.10.2. In this case, we can use the operadic interpretation of Drinfeld associators in order to identify this operad with a rationalization of the operad of little 2-discs.
Recall that the chord diagram operad CD is defined arity-wise by the set of group-like elements of the (completed) enveloping algebra of the Drinfeld-Kohno Lie algebrasÛ(p(r)), r > 0. Besides the Hopf dg-cooperad C * CE (p), we have a simple model of E 2 -operad in the category of cosimplicial Hopf cooperads B c ∈ c Hopf Op c ∅ 1 which is defined, in each arity r > 0, by the cobar construction B c (r) = B c (Û(p(r)) ∨ ) on the dual coalgebra of the enveloping algebra of the rth Drinfeld-Kohno Lie algebraÛ(p(r)) ∨ . We have N * (B c ) = C * CE (p), when we apply the commutative algebra upgrade of the conormalized cochain complex functor of §5.2 to this cosimplicial Hopf cooperad B c ∈ c Hopf Op c ∅ 1 . We study the cobar construction of the dual coalgebras of enveloping algebras and we recall the general definition of the Chevalley-Eilenberg complex of Lie algebras in this chapter. We therefore forget about cooperad structures for the moment. We are precisely going to prove that the cobar complex of the dual coalgebra of a complete enveloping algebra B c (Û(g) ∨ ) forms a cofibrant object in the category of unitary commutative cosimplicial algebras and that the space G • B c (Û(g) ∨ ) associated to this cosimplicial algebra, where we consider our functor from unitary commutative cosimplicial algebras to spaces G • : c Com + → sSet op (see §7.2), is identified with the classifying space of the Malcev complete group G = GÛ(g) associated to the Lie algebra g ∈f Lie. We obtain a similar result for the ChevalleyEilenberg cochain complex C * CE (g). We also check that C * CE (g) represents the image of the cobar construction B c (Û(g) ∨ ) under the commutative algebra upgrade of the conormalized cochain complex N * : c Com + → dg * Com + in general. We address these topics in § §13.1-13.2.
We revisit the definition of a complete Lie algebra and of a complete enveloping algebra before tackling this main subject. We devote a preliminary section §13.0 to this revision. We take a characteristic zero field k as ground ring all through this chapter.
Recollections on Lie algebras and enveloping algebras
In §I.7, we explain the definition of a Lie algebra and of the enveloping algebra of a Lie algebra in the setting of a Q-additive symmetric monoidal category M. We also use this general approach in order to define complete Lie algebras and complete enveloping algebras. We then work in the category of complete modules M =f Mod .
We actually deal with complete Lie algebras equipped with an additional simplicial (respectively, differential graded) structure. in this chapter. We therefore consider a simplicial (respectively, differential graded) analogue of our category of complete filtered modules as symmetric monoidal category M. We mainly check in this section that the definitions and results of §I.7 remain valid in this setting. We give a brief survey of these applications of our constructions after reviewing the definition of a complete filtered module.
13.0.1. Complete objects in simplicial modules and in chain graded dg-modules. Recall that the category of complete modules M =f Mod consists of modules M ∈ Mod equipped with a decreasing filtration In this chapter, we precisely deal with simplicial modules (respectively, chain graded dg-modules) M equipped with a filtration as in (1), but where each F s M forms a sub-object of M in the category of simplicial modules (respectively, chain graded dg-modules) and so that the identity M = lim s M/ F s M holds in this category s Mod (respectively, dg * Mod ). In what follows, we generally use the notation M = sf Mod (respectively, M = dg * f Mod ), where we still use the prefixf to mark the consideration of complete filtered objects, for this category of complete simplicial modules (respectively, complete chain graded dg-modules).
In principle, we should rather use the expression M =f s Mod to refer to our category of complete simplicial modules (defined as filtered objects in the category of simplicial modules), while the notation M = sf Mod refers to the category of simplicial objects in the category of complete modulesf Mod . But we have an obvious category identityf s Mod = sf Mod . We can therefore use both prefix orders in the notation of the category of complete simplicial modules. We should similarly use the notation M =f dg * Mod (rather than M = dg * f Mod ) for the category of complete chain graded dg-modules since we define of a complete chain graded dg-module as a filtered object in the category of chain graded dg-modules.
But we can also identify an object of our category of complete chain graded dgmodules M ∈f dg * Mod with a module M equipped with a decomposition M = d∈N M d such that M d is a (plain) complete module (in the sense of §I.7.3.1) together with a differential δ : M → M consisting of morphisms δ : M * → M * −1 in the category of complete modulesf Mod such that δ 2 = 0. We adopt the commutation rulef dg * Mod = dg * f Mod to symbolize this identity of categories.
Besides complete simplicial modules, we consider a category of weight graded simplicial modules s w Mod whose objects are simplicial modules M ∈ s Mod equipped with a decomposition M = ∞ s=0 M (s) in s Mod . We may equivalently assume that M is a simplicial object of the category of weight graded modules w Mod . We symbolize this relationship by the category identity w s Mod = s w Mod . We similarly consider a category of weight graded chain graded dg-modules dg * w Mod whose objects chain graded dg-modules M ∈ dg * Mod equipped with a decomposition M = ∞ s=0 M (s) in dg * Mod . We can also give an equivalent definition of this notion, by swapping the order of the structures which we attach to our objects, and we symbolize this relation by the category identity w dg * Mod = dg * w Mod . In both cases, we refer to the summand M (s) as the homogeneous component of weight s of our weight graded object M ∈ s w Mod (respectively, M ∈ dg * w Mod ).
We then consider the natural functor E 0 : sf Mod → s w Mod (respectively, E 0 : dg * f Mod → dg * w Mod ) which extends the functor E 0 :f Mod → w Mod of §I.7.3.6 and maps any complete simplicial module (respectively, complete chain graded dg-module) M to the weight graded object
13.0.2. Completed tensor products. We provide the category M = sf Mod (respectively, M =f dg Mod ) with a symmetrical monoidal structure. We adapt the construction of §I.7.3.12. We now start with the tensor product of plain simplicial modules (respectively, plain chain graded dg-modules) M ⊗ N such as defined in §6.1. We provide this tensor product M ⊗ N with the filtration such that
, for any r ∈ N, and we perform the completion with respect to this filtration M⊗N = lim r M ⊗ N/ F r (M ⊗ N ) to get a complete simplicial module (respectively, chain graded dg-module) associated to M and N .
In the simplicial setting, we have an identity:
for each dimension n ∈ N, where on the right-hand side, we form the tensor product of the n-dimensional components of the objects M, N ∈ sf Mod in the category of complete modulesf Mod . The action of simplicial category on this tensor product is also identified with the obvious diagonal action. Therefore, our tensor product on the category of complete simplicial modules M =f s Mod = sf Mod is actually identified with the usual diagonal extension, to simplicial objects, of the tensor product in the category of complete modules⊗ :f Mod ×f Mod →f Mod . In the differential graded setting, we similarly have an identity:
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for each degree n ∈ N, where we consider the tensor products of the homogeneous components of M and N in the category of complete modulesf Mod on the right hand side. Thus, in both cases M = sf Mod , dg * f Mod , we may also identify our complete tensor product operation⊗ with a natural extension of the classical tensor product of simplicial modules (respectively, chain graded dg-modules) to complete objects. The completed tensor product of simplicial modules (respectively, chain graded dg-modules) accordingly inherits an obvious associativity isomorphism (K⊗L)⊗M K⊗(L⊗M ) from the completed tensor product inf Mod . The ground ring k, equipped with the trivial filtration such that F 0 k = 0, F 1 k = k, and regarded as a constant simplicial module (respectively, as a dg-module concentrated in degree zero) still defines a unit object in sf Mod (respectively, in dg * f Mod ), and we have a symmetry isomorphism M⊗N N⊗M , which is also identified with a natural extension of the symmetry isomorphism of §5.3.2 (respectively, §5.3.1) to complete objects. In the differential graded case, we still assume that this symmetry isomorphism involves a sign, so that we have τ (x⊗y) = ±y⊗x, with
, for any pair of homogeneous elements x ∈ M , y ∈ M . We also have an obvious extension to the category of weight graded objects s w Mod (respectively, dg * w Mod ) of the tensor product of simplicial modules (respectively, of chain graded dg-modules). We readily deduce from our relations and the observations of §I.7.3.13 that the functor E 0 : sf Mod → s w Mod (respectively,
13.0.3. Lie algebras and enveloping algebras. The definitions and results of § §I.7.2-7.3 extend to the simplicial module (respectively, chain graded dg-module) setting. First, by applying the general concepts of §I.7.2 to the symmetric monoidal category of complete simplicial modules M = sf Mod (respectively, chain graded dg-module M = dg * f Mod ), as defined in § §13.0.1-13.0.2, we get the definition of the notion of a Lie algebra, of an associative algebra, and of a Hopf algebra in M = sf Mod (respectively, M = dg * f Mod ). For our purpose, we still take the assumption that a complete Lie algebra g satisfies the connectedness condition E 0 0 g = 0 (see §I.7.3.20) , and we adopt the notation sf Lie (respectively, dg * f Lie) to refer to the subcategory of these Lie algebras in M = sf Mod (respectively, M = dg * f Mod ). We similarly consider the category sf As + (respectively, dg * f As + ) whose objects A are the associative algebras in M = sf Mod (respectively, M = dg * f Mod ) such that E 0 0 A = k, and the category sf Hopf Alg (respectively, dg * f Hopf Alg) whose objects A are the Hopf algebras in M = sf Mod (respectively, M = dg * f Mod ) which satisfy the same connectedness assumption
The complete tensor algebra, the complete symmetric algebra, and the enveloping algebra construction (see § §I.7.3.23-7.3.24) have an obvious extension to simplicial modules (respectively, chain graded dg-modules). The Structure Theorem of §I.7.3 (see Theorem I.7.3.25), the Poincaré-Birkhoff-Witt Theorem, and the Milnor-Moore Theorem (see Theorem I.7.3.26) also hold in this setting. The validity of this extension follows from the functoriality of our methods in §I.7.
In the simplicial setting, we still have an identity between the Lie algebras, the associative algebras, and the Hopf algebras in sf Mod and the simplicial objects in the category of Lie algebras, associative algebras, and Hopf algebras inf Mod .
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(We just extend observations of §6.1.3 to complete modules.) Furthermore, the complete enveloping algebra of a complete simplicial Lie algebra g ∈ sf Lie can be defined by an obvious dimension-wise application of the complete enveloping algebra functor of §I.7.3.24. We accordingly haveÛ(g) n =Û(g n ), for all n ∈ N. We have similar observations for complete tensor algebras, for symmetric algebras, and the isomorphisms that give the Structure Theorem, the Poincaré-BirkhoffWitt Theorem, and the Milnor-Moore Theorem are formed dimension-wise in the category of complete modules.
Let g =ĝ be an object of our category of complete Lie algebras sf Lie (respectively, dg * f Lie). Recall that the Poincaré-Birkhoff-Witt Theorem asserts that we have an isomorphism of counitary cocommutative coalgebras induced by the natural symmetrization map from the symmetric algebra to the tensor algebra:
In the dg-setting, we simply have to add a sign, arising from the permutation of tensors, when we form this mapping. We therefore get an expression of the form
for a homogeneous monomial x 1 · . . . · x r ∈ S r (g).
13.0.4. Duality. The dual of a module M ∈ Mod is defined by the formula M ∨ = Hom Mod (M, k). In the context of complete modules, we replace this ordinary duality functor by the continuous duality functor such that:
for any M ∈f Mod . This duality functor (−) ∨ :f Mod → Mod is unit pointed (in the sense that k ∨ = k) and inherits a comonoidal transformation β :
∨ (like the ordinary duality functor on plain modules). This comonoidal transformation β is an isomorphism as soon as the weight graded modules E 0 M, E 0 N ∈ w Mod associated to the complete modules M, N ∈ f Mod are finitely generated in each weight dim E 0 s M, dim E 0 s N < ∞, ∀s ∈ N. (But we do not need to assume that M or N are globally finitely generated as k-modules.) In this situation, we say that the weight graded modules E 0 M, E 0 N ∈ w Mod are locally finitely generated. (Recall that we also assume that the ground ring is a field throughout this chapter.) From this observation, we deduce that the continuous dual of a complete unitary commutative (respectively, associative) algebra A inherits a counitary cocommutative (respectively, coassociative) coalgebra structure as soon as the weight graded module E 0 A underlying A satisfies our local finiteness condition dim E 0 s A < ∞, ∀s ∈ N, and similarly in the case of Lie (respectively, Hopf) algebras. The single existence of the comonoidal transformation implies, on the other hand, that the dual of a counitary cocommutative (respectively, coassociative) coalgebra in complete modules always forms a unitary commutative (respectively, associative) algebra.
For the complete symmetric algebraŜ(M ) of a complete weight graded module M satisfying E 0 0 M = 0 and such that E 0 M is locally finitely generated in our sense, we have an identityŜ(M ) ∨ = S(M ∨ ), where we consider the ordinary symmetric algebra of the module M ∨ on the right-hand side. In this relation, we also use the characteristic zero assumption to get an identity between the coinvariant modules 390 13. COMPLETE LIE ALGEBRAS AND CLASSIFYING SPACES (−) Σr , defining the summands of the symmetric algebra, and invariants modules which naturally arise in the duality process.
In the case of a complete Lie algebra g ∈f Lie such that E 0 0 g = 0, the identity E 0Û (g) = E
0Ŝ
(g) = S(E 0 g) implies that the complete enveloping algebraÛ(g) satisfies the local finiteness condition dim E 0 sÛ (g) < ∞ as soon as g does. In this situation, the Poincaré-Birkhoff-Witt Theorem implies that we have an isomorphism of unitary commutative algebrasÛ(g)
Recall that we define the dual of a simplicial module K ∈ s Mod as the cosimplicial object DK ∈ c Mod such that DK n = K ∨ n , for any n ∈ N (see §5.0.9). The dual of a chain graded dg-module C ∈ dg * Mod is a cochain graded dgmodule DC ∈ dg * Mod satisfying DC n = C ∨ n , as in the simplicial module case, and equipped with the differential δ : DC → DC such that δ(u)(ξ) = ±u(δξ), for any homogeneous cochain u ∈ DC, and any element ξ ∈ C (see also §5.0.9). The sign ± in this expression is produced by the commutation of the cochain u ∈ DC with the differential symbol δ. In the case of complete objects, we replace the ordinary duality functor considered in these constructions by the continuous duality functor (−) ∨ :f Mod → Mod to get a continuous duality functor on simplicial modules D : sf Mod → c Mod , and a continuous duality functor on chain graded dg-modules D : dg * f Mod → dg * Mod . The above observations, about the structures on the continuous dual of algebras and coalgebras, extend to objects in simplicial modules and chain graded dg-modules.
The cobar construction of complete enveloping algebras
In §7.1, we explain the definition of (a cosimplicial variant of) the Sullivan model for the rational homotopy of spaces. We mainly prove that the rationalization of a space X ∈ sSet is determined by the (cosimplicial) unitary commutative algebra A(X) = Q X naturally associated to X. The correspondence between complete Lie algebras and classifying spaces which we examine in this chapter is related to an anterior approach of rational homotopy theory, set up by Quillen, where the model of a space X is given a counitary cocommutative chain dg-coalgebra which we obtain from a simplicial Lie algebra associated to X.
To the enveloping algebraÛ(g) of any complete simplicial algebra g ∈ sf Lie, we associate a bar complexB(Û(g)) which forms an object of the category of complete simplicial modules sf Mod . The bar construction inherits the structure of a simplicial counitary cocommutative coalgebra, and represents a simplicial counterpart of the counitary cocommutative chain dg-coalgebras considered by Quillen.
The cobar construction B c (Û(g) ∨ ), which we consider in the introduction of this chapter, is the dual of this complete simplicial moduleB(Û(g)) ∈ sf Mod . We deal with the cobar construction B c (Û(g) ∨ ) in our constructions in order to get a cosimplicial unitary commutative algebra rather than a simplicial counitary cocommutative coalgebra and hence to retrieve an object of the model category of §7.1. We can drop the connectivity assumptions occurring in the definition of the Quillen model when we deal with cosimplicial unitary commutative algebras, but we have to restrict ourselves to complete Lie algebras which satisfy the local finiteness condition of §13.0.4, because our constructions involve a duality process.
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The definition of the cosimplicial algebra B c (Û(g) ∨ ) makes sense for any complete simplicial Lie algebra, but for our purpose, we can assume that g is a discrete complete Lie algebra, with no simplicial structure, and we only examine this particular case in what follows.
We review the definition of the simplicial bar and cosimplicial cobar constructions in the first part of this section. We prove afterwards that the cobar construction B c (Û(g) ∨ ) forms a cofibrant object of the category of cosimplicial unitary commutative algebras and we check that the space
Com + is identified with the classifying space of the Malcev complete group G = GÛ(g) of the Lie algebra g ∈f Lie.
13.1.1. The simplicial bar and cosimplicial cobar constructions. We already used simplicial bar complexes in §6.3. We then dealt with simplicial bar complexes with coefficients B(R, A, S) = B • (R, A, S), and our purpose was to define simplicial resolutions of pushouts in the category of cosimplicial commutative algebras.
The simplicial bar constructions which we consider in this chapter are formed in the category of complete modules, and are associated to complete unitary associative algebras A ∈f As + equipped with an augmentation : A → k. Moreover, we only take the ground field as coefficients R = S = k. We adopt the notation B(A) =B(k, A, k) for this complete simplicial bar construction with trivial coefficients. For our purpose, we just consider the case of discrete algebras A (with no simplicial structure). We also writef As + / k for the category of complete unitary associative algebras equipped with an augmentation over the ground field.
The simplicial objectB(A) =B(A) • is defined, in any simplicial dimension n ∈ N, by the n-fold completed tensor product of our algebraB(A) n = A⊗ n . The face morphisms d i :B(A) n →B(A) n−1 are defined by:
The degeneracy morphisms s j :B(A) n →B(A) n+1 are defined by:
This complete bar complexB(A) is naturally identified with the completion of a plain bar construction B(A) = B(k, A, k), defined by using the ordinary tensor product B n (A) = A ⊗n instead of the completed one. Besides the bar construction, we consider a cobar construction, which is a cosimplicial object B c (C) = B c (C)
• , associated to any coaugmented counitary coassociative coalgebra C ∈ k / As c + , and defined, in any cosimplicial dimension n ∈ N, by the n-fold tensor product of our coalgebra B c (C) n = C ⊗n . The coface morphisms of this cosimplicial object
n are defined by the formulas:
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of C. The codegeneracy morphisms
n are defined by:
where we write : C → k for the counit morphism of our coalgebra C. If a complete augmented algebra A ∈f As + / k satisfies the local finiteness condition of §13.0.4 (explicitly, if the homogeneous components of the weight graded module E 0 A are finitely generated as k-modules), then we have an identity of cosimplicial modules
where D : sf Mod → c Mod refers to the duality functor on complete simplicial modules (see §13.0.4), and we consider the cobar construction of the counitary coassociative coalgebra A ∨ naturally associated to A on the right-hand side. 13.1.2. The simplicial bar construction of complete Hopf algebras. We readily see that the complete simplicial bar construction of §13.1.1 satisfiesB(k) = k, and when we consider a tensor product of unitary associative algebras in complete modules (by using the general symmetric monoidal structure of §I.7.3.11), we also get an identityB(A⊗B) =B(A)⊗B(B). The mappingB : A →B(A) therefore defines a symmetric monoidal functor from the category of augmented unitary associative algebras in complete modulesf As + / k towards the category of complete simplicial modules sf Mod . We deduce from this observation that the complete bar constructionB(H) of a complete Hopf algebra H, which we identify with a counitary cocommutative coalgebra object in the symmetric monoidal category of complete unitary associative algebras, forms a counitary cocommutative coalgebra in the category of complete simplicial modules.
In the dual case of the cobar construction, we similarly have
The mapping B c : C → B c (C) therefore defines a symmetric monoidal functor from the category of coaugmented counitary coassociative coalgebras k / As c + towards the category of cosimplicial modules c Mod and preserves unitary commutative algebra structures. We consider a complete Hopf algebra H such that the weight graded object E 0 H satisfies the local finiteness condition of §13.0.4. We then get that the cobar complex B c (H ∨ ), where we consider the dual coalgebra of H, inherits a unitary commutative algebra structure, and the identity DB(H) = B c (H ∨ ) in §13.1.1 also holds in the category of unitary commutative algebras in cosimplicial modules.
We now assume that H =Û(g) is the enveloping algebra of a complete Lie algebra g ∈f Lie + . We have the following theorem:
Theorem 13.1.3. Let g ∈f Lie be a complete Lie algebra. We assume that this complete Lie algebra is connected as usual g = F 1 g, and that the associated weight graded object E 0 g satisfies the local finiteness condition of §13.0.4 (explicitly, the homogeneous components of this weight graded object form finite dimensional modules).
(a) The cobar complex B c (Û(g) ∨ ), associated to the (continuous) dual of the complete enveloping algebra of g, defines a cofibrant object of the category of cosimplicial unitary commutative algebras.
(b) We have an identity of simplicial sets
when we take the image of this cosimplicial algebra under the functor G • : c Com + → sSet op of §7.2, and where, on the right-hand side of the relation, we consider the classifying space B(G) of the group of group-like elements G = GÛ(g) = {u ∈Û(g)| (u) = 1, ∆(u) = u⊗u} in our complete enveloping algebraÛ(g) (see §I.8.1.2).
Proof. We establish assertion (a) first. We divide our proof in several steps. Preliminaries. We consider the quotient modules p s g = g / F s g, which we identify with complete Lie algebras such that
for any m ≥ s, and we readily deduce from this observation that the continuous dual of the complete enveloping algebraÛ(g) satisfiesÛ(g)
We then get
because the cobar construction clearly preserves sequential colimits. We check that the morphisms q
∨ induce cofibrations of cosimplicial unitary commutative algebras on the cobar construction. We more precisely prove that these morphisms fit in pushout diagrams
, for all s ≥ 0, where we consider the symmetric algebras on the image of the cochain graded dg-modules
2 denotes the cochain graded dg-module generated by an element e 1 of degree 1 and an element b 2 of degree 2 such that δ(e 1 ) = b 2 . We moreover set
∨ with a dg-module concentrated in degree 0 when we form the tensor products
In what follows, we also consider the dual of the dg-modules B 2 , E 2 ∈ dg * Mod , and we use the notation B 2 = D(B 2 ), E 2 = D(E 2 ), for these objects. We can also identify E 2 with the chain graded dg-module generated by an element e 1 of degree 1 and an element b 2 of degree 2 such that δ(b 2 ) = e 1 . We can similarly identify B 2 with the quotient of the object E 2 such that
2 when the module E 0 s (g) fulfills the finiteness assumption of our theorem.
The conclusion of the theorem will follow from the fact that the commutative algebra morphisms S(Γ
), which we associate to the cosimplicial module embeddings Γ
•
, are cofibrations (by definition of the model structure of unitary commutative cosimplicial algebras in §6.2), and from the fact that the class of cofibrations in a model category is stable under pushouts and composition (see Proposition 1.1.6). 
The definition of our pushout (2) depends on the choice of a section s :
s (g) in the category of k-modules. Our general connectedness assumption on the Lie algebra E 0 0 g = 0, which is equivalent to the relation g = F 1 g, implies that we have the inclusion relation [g,
We moreover have an identity of complete associative algebras
where we form the quotient of the complete algebraÛ(g / F s+1 g) over the (closure of the) ideal generated by this central module E
We now tackle the construction of this pushout (2). We proceed as follows.
Step 1. The construction of the square. We first work with the chain graded dg-modules
with the normalized complexes
We form a diagram:
where we consider the chain complexes equivalent to these dg-modules
We adopt the conventions of §I.7.3 for the structures attached to complete Hopf algebras. In particular, we write IÛ(−) for the augmentation ideal of any complete enveloping algebraÛ(−), and we use similar notation IŜ(−) for the augmentation ideal of the complete symmetric algebraŜ(−). This augmentation ideal IÛ(−) occurs in the normalized complex of the bar construction of the enveloping algebraÛ(−). Indeed, from the definition of the degeneracies in §13.1.1, and the expression of the normalized bar complex as a quotient over the image of degeneracies, we immediately get the identity N n (B(Û(g))) = IÛ(g)⊗ n , for each n ∈ N. We consider the morphism of chain complexes ψ :
where we take the isomorphism of the Poincaré-Birkhoff-Witt Theorem (see Theorem I.7.3.26), the projection onto the componentŜ 1 (g / F s+1 g) = g / F s+1 g of the complete symmetric algebraŜ(g / F s+1 g), and the projection onto the summand E 0 s g in our splitting (3). We use the preservation of differential to determine the component of degree 2 of this morphism ψ . We go back to this construction soon.
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We also consider the obvious morphism E 0 s g ⊗ E 2 → E 0 s g ⊗ B 2 to complete our diagram (5). We see that the map
which defines the morphism of chain complexes
, from which we deduce that the image of the product w · x ∈ IÛ(g / F s+1 g) under our projection is trivial.
We deduce from this vanishing result and identity (4) that the composite mor- (5) factors through the normalized complex of the complete bar construction onÛ(g / F s g). We therefore have a commutative square of dg-module morphisms
(8) equivalent to our morphisms of chain complexes. We dualize this square and we apply the cosimplicial Dold-Kan equivalence of §5.2 to get a commutative square in the category of cosimplicial modules:
from which we deduce the commutative square (2) in the category of cosimplicial counitary commutative algebras. We are left to check that this commutative square forms a pushout.
Step 2. The pushout property. If we forget about cofaces in the cobar construction, then the Poincaré-Birkhoff-Witt Theorem (see Theorem I.7.3.26) implies that we have an identity: 
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for each cosimplicial dimension n ∈ N. The image of an element of the form
under our morphism ψ :
, where we assume
∨ plus higher order terms in the tensor product decomposition (10) of the algebra
n . We readily see that this mapping is one-to-one on linear terms, and we deduce from this observation that our diagram of unitary commutative algebras (2) is a pushout in each cosimplicial dimension n ∈ N. We conclude that (2) defines a pushout in the category of cosimplicial unitary commutative algebras and this verification finishes the proof of the first assertion (a) of our theorem.
The space associated to the cobar construction. We now determine the image of the cosimplicial unitary commutative algebra
For every simplicial dimension n ∈ N, we have a one-to-one duality correspondence between the morphisms of cosimplicial algebras u : DB(Û(g)) → A(∆ n ) and the morphisms of simplicial coalgebras u : Recall that we have an identity
n is defined by a representable functor on the simplicial category ∆ (see §I.0.3). Hence, the morphism u arising from our correspondence is uniquely determined as a morphism of simplicial modules by an element g ∈B(Û(g)) n such that we have the relation g = u ([ι n ]), where ι n denotes the fundamental simplex of the n-simplex ι n ∈ (∆ n ) n (see §I.0.3). We readily see that u defines a morphism of coalgebras if and only if this element g ∈B(Û(g)) n is group-like (see §I.7.1.14). We therefore get bijections
which clearly intertwine the face and the degeneracy operators of our objects by functoriality of our construction. We then use that the group-like element functor is symmetric monoidal (see Proposition I.8.1.7) to get the relation
G(B(Û(g))
in each simplicial dimension n ∈ N, and we easily check that the face and degeneracy operators onB(Û(g)) correspond to the face and degeneracy morphisms of the classifying space of the group G = GÛ(g). We therefore get that G •B (Û(g)) is identified with this classifying space B = B(GÛ(g)) as a simplicial object and this observation completes the proof of the second assertion (b) of our theorem.
From our proof of Theorem 13.1.3(a), we also deduce that the following refinement of our statement:
Proposition 13.1.4. The cobar construction B c (Û(g) ∨ ) on the dual of our complete enveloping algebraÛ(g) in Theorem 13.1.3 is identified with the colimit
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of a sequence of cofibrations
which fit in pushouts of the form:
, for all s > 0.
13.1.5. The decomposition of the classifying space of a Malcev complete group. In §I.??, we observe that the group G = G(H) associated to any complete Hopf algebra H is equipped with a descending filtration
.4). Recall that we refer to this object G = G(H) as the Malcev complete group associated to the Hopf algebra H.
Recall that we automatically have H =Û(g), for a complete Lie algebra such that g = P(H), by the complete Milnor-Moore Theorem (see Theorem I.7.3.26). If we assume H =Û(g), then we have a group isomorphism F s G/ F s+1 G E 0 s g for all s ≥ 1, where we consider the abelian group underlying the summand E 0 s g of the weight graded object E 0 g (see Proposition I.8.2.4), and we moreover have the relation G/ F s G GÛ(g / F s g), for all s ≥ 1 (see §I.??).
We can apply the result of Theorem 13.1.3(b) to the quotients g / F s g of our complete Lie algebra g = lim s g / F s g. We then get an isomorphism of simplicial sets
B(G/ F s G), for every s ≥ 1, and we accordingly get that the functor G • : c Com + → sSet op carries the sequence of cofibrations of Proposition 13.1.4 to the tower of fibrations
where we consider the classifying spaces B(G/ F s G) associated to our tower of quotient groups G/ F s G, s ≥ 1. In §7.5.8, we observe that the functor
, for any cochain graded dg-module M ∈ dg * Mod , where DM ∈ dg * Mod denotes the dual dg-module of M . We accordingly have
) for the symmetric algebras occurring in the pushout square of Proposition 13.1.4. The dg-module E 0 s g ⊗ B 2 obviously reduces to the module E 0 s g in degree 2. In §7.5.1, we observe that for a module of this form M = E[n], concentrated in a single degree n ∈ N, we can identify the object Γ • (E[n]) with an Eilenberg-MacLane space K(E, n). We therefore have an identity Γ • (E 0 s g ⊗ B 2 ) = K(E 0 s g, 2) in our case. We can also identify the simplicial module Γ • (E 0 s g ⊗ E 2 ) with a contractible space 
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L(E 0 s g, 2) of the form considered in our models of Postnikov extensions in §7.5.4(b). We accordingly get that the functor G • : c Com + → sSet op carries the pushout of Proposition 13.1.4 to the pullback:
which is classically associated to the map of classifying space B(G/ F s+1 G) → B(G/ F s G) when we identify G/ F s G with the quotient of the group G/ F s+1 G by
Thus, the colimit and the pushouts of Proposition 13.1.4 represent counterparts of the tower decomposition (1) and of the Postnikov extensions (2) which we associate to the classifying space of our Malcev complete group G.
In the case where the filtration of our Lie algebra in Theorem 13.1.3 is bounded, we can also use the equivalence of rational homotopy theory to determine the model of the classifying space B(GÛ(g)) from the result of our theorem. To be explicit, we have the following statement:
Proposition 13.1.6. If the Lie algebra g of Theorem 13.1.3 satisfies g = g / F m g for some m ≥ 1, then we have a weak-equivalence of cosimplicial unitary commutative algebras
where we consider the cosimplicial algebra A(−) associated to the classifying space of the group G = GÛ(g) on the right-hand side.
Proof. The assumption g = g / F m g implies, by the observations of §13.1.5, that the classifying space B(GÛ(g)) forms a Q-nilpotent space of finite Q-type (see §7.5.3), while the cosimplicial unitary commutative algebra B c (Û(g) ∨ ) forms a nilpotent cell complex of finite type by the result of Proposition 13.1.4 (see §7.5.7). In this situation, we can use the result of Theorem 7.5.10 to conclude that the adjoint morphism
of Theorem 13.1.3 defines a weak-equivalence in the category of cosimplicial unitary commutative algebras.
13.1.7. Remarks: The rationalization of the classifying space of nilpotent groups. We now assume that G is any nilpotent group. We equip this group with the lower central series filtration
2), which satisfies Γ m G = 0, for some m ≥ 1. We have an analogue of the decomposition of §13.1.5(1-2) for the tower of classifying spaces B(G/ Γ s G), s ≥ 1. We just need to replace the weight graded Lie algebra E 0 g in this construction §13.1.5(1-2) by the object
which we determine from the filtration of our group (see §I.8.2.3). We immediately see, by using this decomposition, that the space B(G) associated to our nilpotent group G is nilpotent of finite Q-type (see §7.5.3) when E 0 s (G) ⊗ Z Q is finitely generated as a Q-module for each weight s ≥ 1.
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We briefly mention in §I.?? that the Malcev completion of a nilpotent group We also have a weak-equivalence:
where we still set g = P Q[G] , which we can obtain by lifting the weak-equivalence
.6 through the morphism A(B(G ))
∼ − → A(B(G)) (observe that this morphism is trivially surjective, and hence, forms an acyclic fibration in the category of cosimplicial unitary commutative algebras). We accordingly get that B c (Û(g) ∨ ) defines a cofibrant resolution of the model of the space B(G).
We use a similar result for the pure braid groups G = P r in our study of E 2 -operads. We then have an analogue of the weak-equivalence (2) but we can not ensure that our spaces are Q-good in this case. Let us mention that for certain examples of classifying spaces B(G), where G is not a nilpotent group, the rationalization B(G) = L G • A(B(G)) is not equivalent to a classifying space, though such spaces may be good in certain cases (see [37, §VII.3] for examples of such phenomena).
The Chevalley-Eilenberg complex of complete Lie algebras
We recall the definition of Chevalley-Eilenberg cochain complex in this section. We also recall the definition of a complete Chevalley-Eilenberg chain complex, which is dual to the Chevalley-Eilenberg cochain complex. We aim to prove an analogue of the statement of Theorem 13.1.3 for the Chevalley-Eilenberg cochain complex C * CE (g) of a complete Lie algebra g =ĝ. We also check that, in the situation of Theorem 13.1.3, the image of the cosimplicial bar construction of the dual coalgebra of the enveloping algebraÛ(g) under the commutative algebra upgrade of the conormalized cochain complex functor N * : c Com + → dg * Com + is identified with the Chevalley-Eilenberg cochain complex of the Lie algebra g.
We first explain the definition of the Chevalley-Eilenberg chain and cochain complexes in the general case of a complete Lie algebra in graded modules. We use this setting in §14, when we explain the definition of a cofibrant model of the cooperad of little n-discs.
In the definition of the Chevalley-Eilenberg complexes, we deal with a suspension functor Σ : M → Σ M , defined on the category of dg-modules dg Mod , and which is given by the tensor product formula Σ M = M ⊗k e 1 , for any M ∈ dg Mod , where e 1 denotes a homogeneous element of lower degree 1. We also consider an inverse desuspension functor Σ −1 : M → Σ −1 M , which we identify with the tensor product Σ −1 M = M ⊗ k e 1 , where e 1 now denotes a homogeneous element of upper degree 1 (equivalent to a homogeneous element of lower degree −1). We see that the suspension functor preserves the subcategory of chain graded dg-modules inside the category of dg-modules while the desuspension preserves the subcategory of cochain graded dg-modules. We also consider the obvious extension of these functors to complete chain graded dg-modules. We then have the duality relation D(Σ M ) = Σ −1 D(M ) for every object M in this category dg * f Mod . 13.2.1. Complete Lie algebras in graded modules. In this section, we more precisely consider complete Lie algebras g in the category of chain graded modules gr * Mod . We use the same conventions as in the definition of a complete chain graded dg-module in §13.0.1 in order to get the notion of a complete chain graded module. We just forget about differentials. We can also identify our complete Lie algebra g with a complete Lie algebra in chain graded dg-modules equipped with a trivial differential. We still assume E 0 0 g = 0, and we use the notation gr * f Lie for the category of complete chain graded Lie algebras that satisfy this connectedness condition.
The weight graded Lie algebra E 0 g associated to a complete chain graded Lie algebra g forms an object of the category of chain graded modules in the sense that each weight homogeneous component E 0 s g, s > 0, naturally defines an object that belongs to this category gr * Mod . In our study, we assume that this weight graded object in chain graded modules E 0 g is locally finite in the sense that each homogeneous component E 0 s g, s > 0, forms a chain graded module which is finitely generated degree-wise. The observations of §13.0.4 are valid under this refined local finiteness requirement. We just consider the internal-hom of graded modules in order to perform our duality constructions within the category gr * Mod .
The results which we explain in this section have a straightforward generalization for complete Lie algebras in chain graded dg-modules, when we assume that our Lie algebra g is equipped with a (possibly non-trivial) internal differential δ : g → g. In this context, we just need to require that the differential increases the filtration of our Lie algebra δ(F s g) ⊂ F s+1 g, for all s ≥ 1, in order to ensure that our subsequent cofibration statements (see Theorem 13.2.5) remain valid. Now the complete Lie algebras which we consider in the applications of this book are defined within the category of chain graded modules and are equipped with a trivial internal differential δ = 0 in general. We therefore focus on this framework in what follows, and we only give a survey of the applications of complete Lie algebras in chain graded dg-modules in the concluding paragraph of this section.
13.2.2. The Chevalley-Eilenberg chain complex. We define the Chevalley-Eilenberg complexĈ CE * (g) of a complete chain graded Lie algebra g ∈ gr * f Lie as the twisted complete dg-module:Ĉ
equipped the twisting differential ∂ :Ŝ(Σ g) →Ŝ(Σ g) such that:
for any ξ 1 · . . . · ξ n ∈Ŝ(Σ g).
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In this expression, we consider the complete symmetric algebra on the suspension Σ g of the underlying graded module of our Lie algebra g, and we form the composite
to extend the Lie bracket of g to Σ g. We accordingly get a homomorphism [−, −] : Σ g ⊗ Σ g → Σ g of degree −1. The sign in our formula is produced by the tensor permutation
involved in the expression of our differential. We also have a sign yielded by the isomorphism Σ g ⊗ Σ g Σ 2 (g ⊗ g) (which is equivalent to a tensor permutation) in the extension of the bracket to the suspension (3). If g is a plain complete Lie algebra (equivalent to a graded object concentrated in degree 0), then this extra sign vanishes and we have ± = (−1) i+j . We take the obvious extension of the map (2) to formal sums of monomials in order to determine our differential on the complete symmetric algebraŜ(Σ g). The relation of differentials ∂ 2 = 0 follows from an obvious verification. We also see that we have the inclusion relation [F p g,
for the filtration of the complete symmetric algebraŜ(Σ g). We accordingly get thatĈ CE * (g) = (Ŝ(Σ g), ∂) forms a complete chain graded dg-module in the sense of §13.0.1.
13.2.3. The coalgebra structure of the Chevalley-Eilenberg chain complex. In the chain complexĈ CE * (g) = (Ŝ(Σ g), ∂), we actually regard the complete symmetric algebraŜ(Σ g) as a counitary cocommutative coalgebra (not as unitary commutative algebra).
The augmentation of this counitary cocommutative coalgebra structure : S(Σ M ) → k is defined by the obvious projection, and we provideŜ(Σ g) with the coproduct such that
7.2.6 and §I.7.3.23).
We readily see that our differential satisfies the counit relation ∂ = 0 as well as the coderivation relation ∆∂ = (∂⊗id + id ⊗∂)·∆ with respect to the coproduct (1). Thus, the objectĈ CE * (g) = (Ŝ(Σ g), ∂) actually forms a counitary cocommutative coalgebra in the symmetric monoidal category of complete chain graded dg-modules.
13.2.4. The Chevalley-Eilenberg cochain complex. We now consider a complete chain graded Lie algebra g ∈ gr * f Lie which satisfies the local finiteness assumption of §13.2.1 in addition to our standard connectedness condition E 0 0 g = 0.
We define the Chevalley-Eilenberg cochain complex of this chain graded Lie algebra g as the (continuous) dual C * CE (g) = DĈ CE * (g) of the complete ChevalleyEilenberg chain complex of §13.2.2. We deduce from the general identities D(Σ M ) = Σ −1 D(M ) and D(Ŝ(−)) = S(D(−)) (see §13.0.4) that this cochain complex is identified with a twisted symmetric algebra such that: 
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In §13.0.4, we observed that the dual of a counitary cocommutative coalgebra in complete dg-modules inherits a unitary commutative algebra structure. We may also readily check that the dual of the complete symmetric coalgebra, which we use in the definition of the Chevalley-Eilenberg chain complex, is identified with a symmetric algebra as a unitary commutative algebra. We therefore obtain that our cochain complex C * CE (g) forms a quasi-free object in the category of unitary commutative algebras in the sense of §6.2.7.
The twisting differential ∂ in our expression (1) can be determined from the formula of the Chevalley-Eilenberg differential in §13.2.2(2), after making explicit the duality relation between the symmetric algebra and the complete symmetric algebra.
For this aim, we consider a basis of the Lie algebra g, whose elements, let ξ α , form representatives of homogeneous basis elementsξ α ∈ E 0 g of the weight graded Lie algebra E 0 g. To be explicitly, we assume that eachξ α has a homogeneous weight s α and a homogeneous degree d α = deg(ξ α ). Note that the basis elementsξ α with a prescribed weight s α = s and degree d α = d form a finite sets by assumption on g. Let (ξ α ) α denote the dual of the basis (ξ α ) α in the module g ∨ . The Lie bracket on g is defined by an expression of the form
Then we get the expression
for the differential of a generating element
Note that this formula makes sense because we only have a finite number of pairs (ξ α , ξ β ) such that c γ αβ = 0. The result of Theorem 13.1.3 has the following analogue for the ChevalleyEilenberg cochain complex of a complete Lie algebra in chain graded modules:
Theorem 13.2.5. Let g ∈ gr * f Lie be a complete Lie algebra in chain graded modules. We assume that this complete Lie algebra satisfies our usual connectedness assumption g = F 1 g, and that the associated weight graded object E 0 g satisfies the local finiteness condition of §13.2.1 (explicitly, the homogeneous components of this weight graded object E 0 s g are finitely generated modules degree-wise).
(a) The Chevalley-Eilenberg cochain complex C * CE (g) = (S(Σ −1 g ∨ ), ∂) associated to g defines a cofibrant object of the category of unitary commutative cochain dg-algebras.
(b) We consider the simplicial Lie algebra in dg-modules g⊗ Ω * (∆ • ) ∈ s dg Lie which we form by taking the tensor product of the object g ∈ gr * f Lie with the Sullivan cochain dg-algebra Ω * (∆ • ) ∈ s dg * Com + (we give more details on the definition of this object in the proof of our statement). We have an identity of
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simplicial sets
when we take the image of the cochain dg-algebra C * CE (g) ∈ dg * Com + under the functor G • : dg * Com + → sSet op of §7.4, and where MC • (g) = MC(g⊗ Ω * (∆ • )) denotes the simplicial set of elements γ ∈ g⊗ Ω * (∆ • ) which are homogeneous of (upper) degree 1 and satisfy the Maurer-Cartan equation
The name Maurer-Cartan is classically used in the literature for the equation occurring in this theorem since this equation is obviously a generalization of the classical Maurer-Cartan equation that occurs in Lie theory (see for instance [129, §I.4], [176, §2.4] ). In what follows, we also refer to the simplicial set MC • (g) = MC(g⊗ Ω * (∆ • )) of this theorem as the space of Maurer-Cartan elements associated to the complete chain graded Lie algebra g ∈ gr * f Lie.
Explanations and proof. We address the proof of each assertion of this theorem separately.
Proof of assertion (a). We may adapt the arguments of Theorem 13.1.3 in order to establish the first assertion of our theorem (a), but we will rather use this construction in a subsequent statement, where we examine the correspondence between the Chevalley-Eilenberg complex of an (ungraded) complete Lie algebra and the cobar complex of Theorem 13.1.3. We prefer to use the characterization of the cofibrant cell complexes of unitary commutative dg-algebras of §6.2.7 in order to give a simple a direct verification of our assertion for the moment. In short, we already observed that the Chevalley-Eilenberg cochain complex C * CE (g) = (S(Σ −1 g ∨ ), ∂) forms a quasi-free unitary commutative dg-algebr. We just have to check that the dg-module Σ −1 g ∨ , which defines the generating object of this quasifree algebra, is equipped with a filtration of the form considered in §6.2.7(1) and that the Chevalley-Eilenberg differential fulfills our filtration condition §6.2.7(2).
For this purpose, we use our basis (Σ −1 ξ α ) α of the dg-module Σ −1 g ∨ and the expression of the Chevalley-Eilenberg differential on this basis §13.2.4(4). We take the module spanned by elements Σ −1 ξ α ∈ Σ −1 g ∨ associated to homogeneous basis elementsξ α ∈ E 0 g of weight s α ≤ s to define the sth layer of our filtration. We explicitly set F s (Σ −1 g ∨ ) = sα≤s k(Σ −1 ξ α ), for each s > 0. The connectedness assumption E 0 0 g = 0 implies that the weight s α associated to any such Σ −1 ξ α ∈ Σ −1 g ∨ satisfies s α > 0. The homogeneity relation in §13.2.4(3) also implies that the weight of the factors
, and this inclusion relation is exactly the requirement of our filtration condition in §6.2.7. We therefore have, according to §6.2.7, all structures required to define a cofibrant cell complex decomposition on C * CE (g) = (S(Σ −1 g ∨ ), ∂) from our filtration.
Explanations on the space of Maurer-Cartan elements and proof of assertion (b). We identify the Lie algebra g with a graded module concentrated in non-negative 404 13. COMPLETE LIE ALGEBRAS AND CLASSIFYING SPACES degree and the cochain dg-algebra Ω * (∆ • ) with a (lower graded) dg-module concentrated in non-positive degree when we form the tensor product of our statement. To be more precise, we use these identities, where we forget about the filtration of our Lie algebra g, to form the tensor product g ⊗ Ω * (∆ • ) in the category of dg-modules dg Mod in a first step. Then we provide this tensor product with the filtration such that
, which we use in our statement, refers to the consideration of a complete dg-module
) in our constructions. Let us simply observe that we have the relation:
(1) lim
since the Sullivan dg-algebra Ω * (∆ • ) forms a finitely generated module degree-wise. If we use the correspondence between upper grading and lower grading, then we accordingly get the formula
for the component of upper degree k ∈ Z of our object g⊗
(since we assume that g is equipped with a trivial differential). Then we use the obvious extension of the Lie bracket [−, −] : g ⊗ g → g to the tensor product with the cochain dg-algebra Ω * (∆ • ) in order to provide this object g⊗ Ω * (∆ • ) with a Lie algebra structure. We explicitly
, where we consider the Lie bracket of the elements ξ α , ξ β ∈ g on the one hand, and the product of the forms ω α , ω β ∈ Ω * (∆ • ) on the other hand. Recall that the functor G • : dg * Com + → sSet op is defined by the formula
To get the identity of our theorem, we use that any morphism φ :
is determined by its restriction to the generators of the symmetric algebra C * CE (g) = S(Σ −1 g ∨ ) when we forget about differentials, and equivalently, by a degree 1 element γ ∈ g⊗ Ω * (∆ • ). To be explicit, if we go back to the notation of §13.2.4, and we assume that our element γ ∈ g⊗ Ω * (∆ • ) has an expansion γ = α ξ α ⊗ ω α , where we still set (ξ α ) α for the basis of the Lie algebra g and ω α ∈ Ω * (∆ • ), then we get the formula
for the image of the basis elements
, where we consider the differential of a generating element Σ −1 ξ α ∈ Σ −1 g ∨ in C * CE (g) is equivalent to the equation of the theorem:
.
To complete this verification, we just use that the validity of the the relation
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preserves the differential on the whole quasi-free dg-algebra C *
This assertion of Theorem 13.2.5(a) has the following refinement, which parallels the observation of Proposition 13.1.4 about the decomposition of the cobar construction of the dual of the complete enveloping algebra of a Lie algebra:
Proposition 13.2.6. The Chevalley-Eilenberg complex C * CE (g) on our complete chain graded Lie algebra g ∈ dg * f Lie in Theorem 13.2.5 is identified with the colimit of a sequence of cofibrations
Explanations. We may again use a generalization of the arguments of Theorem 13.1.3 to get such a refinement of our result, but we do not need this construction yet. We still prefer to rely on the observations of §6.2.7, where we explain the general correspondence between a cofibrant cell complex structure in the category of unitary commutative cochain dg-algebras and a filtration of the form considered in the proof of Theorem 13.2.5.
We immediately obtain, from the general correspondence of §6.2.7, that the algebras C *
, represent the layers of a cell complex structure on C * CE (g) = (S(Σ −1 (g) ∨ ), ∂), and the cells, which attach to get
S(E dα+2 ) associated to the basis elements Σ −1 ξ α ∈ Σ −1 g ∨ with weight s α = s. Recall that d α denotes the degree of the element ξ α . We have an identity E dα+2 = k ξ α ⊗ E 2 , and we immediately get that sα=s S(
, and we therefore readily see that we deal with cell attachments equivalent to the pushouts of our proposition when we apply the correspondence of §6.2.7 to get the cell decomposition of our dg-algebra C * CE (g).
13.2.7. The decomposition of the space of Maurer-Cartan elements in a complete Lie algebra. We can use the result of the previous proposition to retrieve a decomposition of the space MC • (g) = G • C * CE (g) which we associate to our complete Lie algebra g ∈ gr * f Lie.
First, we can apply the result of Theorem 13.2.5(b) to the quotients g / F s g of our complete Lie algebra g = lim s g / F s g. We then get the identity
13. COMPLETE LIE ALGEBRAS AND CLASSIFYING SPACES for every s ≥ 1. We moreover obtain that the functor G • : dg * Com + → sSet op carries the sequence of cofibrations of Proposition 13.2.6 to the tower of fibrations
where we consider the morphisms of the Maurer-Cartan spaces induced by the canonical morphisms of Lie algebras g / F s+1 g → g / F s g for s ≥ 1. We can, as in the context of cosimplicial algebras (see §13.1.5), identify the image of a symmetric algebra S(M ), M ∈ dg * Mod , under our functor G • : dg * Com + → sSet op with the simplicial module Γ • (DM ) ∈ s Mod , where we consider the dual chain graded dg-module DM ∈ dg * Mod of the object M ∈ dg * Mod . We more precisely have an identity G s g, where Cyl M denotes the standard cylinder object functor, defined by the tensor product Cyl M = M ⊗ E 1 , on the category of chain graded dg-modules M ∈ dg * Mod . (The dg-module E 1 is obviously given by the same construction as E 2 , with a generator e 0 in lower degree 0, a generator b 1 in lower degree 1, and the differential such that δ(b 1 ) = e 0 .)
We eventually get that the functor G • : c Com + → sSet op carries the pushout of Proposition 13.2.6 to the pullback:
in the category of simplicial sets. In each case, we consider the morphism of simplicial modules induced by the projection M ⊗ E 1 → M ⊗ k b 1 = Σ M on the cylinder object Cyl M = M ⊗ E 1 . We can identify any dg-module M with the summand M ⊗ k e 0 of the cylinder Cyl M = M ⊗ E 1 . We accordingly have an inclusion Γ We can give simple conditions on the weight graded Lie algebra E 0 g in order to apply the equivalence of rational homotopy theory to the object C * CE (g)
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and to retrieve the model of the Maurer-Cartan space MC • (g) from the result of Theorem 13.2.5. To be explicit, we have the following statement:
Proposition 13.2.8. If the components of the weight graded module E 0 (g) associated to the Lie algebra g of Theorem 13.1.3 satisfy the connectedness relation n < n s E 0 s (g) n = 0 for a sequence of integers such that n s → ∞, then we have a weak-equivalence of unitary commutative cochain dg-algebras
where we consider the cochain dg-algebra Ω * (−) associated to the Maurer-Cartan space C = MC • (g) on the right-hand side.
Proof. We adapt the argument lines of the proof of Proposition 7.5.9. We easily check that we have a weak-equivalence
at each level s ≥ 0, by using the correspondence of §7.5.4(a-b) and of §7.5.8(a-b).
We then use the connectedness assumption of the proposition to pass to the colimit s → ∞. We fix m ∈ N, and s 0 such that s ≥ s 0 ⇒ n s ≥ m. We readily check, by using the cartesian squares of §13.2.7, that the map MC • (g) → MC • (g / F s g) induces an isomorphism in degree n < m on homotopy groups when s ≥ s 0 . We use the Hurewicz isomorphism theorem to deduce from this statement that we have an identity H * (MC • (g), Q) = colim s H * (MC • (g / F s g), Q) at the (rational) cohomology level, and this assertion implies that we can perform the colimit s → ∞ in the level-wise weak-equivalence (1) to get the weak-equivalence of the proposition.
We go back to the case of a complete Lie algebra in plain (ungraded) modules g ∈f Lie, which we identify with a complete chain graded Lie algebra concentrated in degree 0. We then have the following relationship between the cobar construction of Theorem 13.1.3 and the Chevalley-Eilenberg cochain complex of Theorem 13.2.5:
Theorem 13.2.9. In the situation of Theorem 13.1.3, where g ∈f Lie is a complete Lie algebra in plain (ungraded) modules such that E 0 s g forms a finitely generated module in each weight s ≥ 1, we have a canonical isomorphism of unitary commutative cochain dg-algebras:
, where we consider the image of the cobar complex of Theorem 13.1.3 under the unitary commutative algebra upgrade of the conormalization functor of §6.4 on the left-hand side, the Chevalley-Eilenberg cochain complex of the complete Lie algebra g on the right-hand side.
Recall that we have a weak-equivalence 
